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Continuum Radiative Flux from Nonisothermal
Nongray Atomic Gases
H. F. NELSON* AND A. L.

University of Missouri-Rolla, Rolla, Mo.

The continuum radiative flux from a nonisothermal stagnation shock layer composed of an
atomic gas is the subject of this numerical study in which the fluid dynamics and the radiation
are assumed to be uncoupled. Consequently, the temperature profile, which is taken to vary
linearly through the shock layer, is unperturbed by the radiation. The importance of the
ionization edge location and the influence of various spectral shapes of the bound-free radia-
tive cross sections are emphasized. The results are derived by considering ground to free state
radiative transitions. The principal of superposition extends the results to multiple electronic
state atomic gases.

Nomenclature

B = (1 - 00), Eq. (21)
D(t) = Debye function
ebv = Planck function
Em(t) = exponential integral of order m
F(t) = radiative flux
P = F(t)/<rTr*
h = Planck's constant
k = Boltzmann's constant
L = physical thickness of shock layer
M = number of excited electronic states
n = exponent giving frequency dependence of a(v)
Ni = number density of t'th electronic state
sgn(0 = indicator function, 1 for t > 0, — 1 for t < 0
Si = absorption cross section
t = dummy variable
T = temperature
Tr = reference temperature
x = distance into shock layer
x = x/L
a(v) = spectral variation of KV(X), Eq. (7)
p(x) = distance variation of KV(X)
ev — spectral emittance
8 = T/Tr
KV(X) = absorption coefficient
v = frequency
£ = optical depth, Eq. (lla)
v = hv/kTr
a = Stefan-Boltzmann constant
T = optical thickness, Eq. (lib)
rv = optical depth at frequency v, Eq. (3a)
TOV — optical thickness of shock layer at frequency v, Eq.

(3b)

Subscripts
0 = evaluated at x = 0
i — electronic state i = 0 (ground), i = 1 (first excited)

etc.

I. Introduction

ATELY, the prediction of the radiative heating of a blunt
body has received considerable attention.1-2 The shock

layer temperature distribution and the radiative characteris-
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tics of the shock layer plasma are important factors which in-
fluence radiative heating. Most analyses assume an iso-
thermal shock layer3"6 or a step model absorption coef-
ficient.7"9 The complexity of the problem precludes precise
treatment of every feature of the flow and radiative fields.

Mandell10'11 and Mandell and Cess12 investigated radiative
transfer in nonisothermal hydrogen plasmas under the condi-
tions of 1) radiative equilibrium, 2) pure radiation with con-
stant heat generation, 3) simultaneous conduction and radia-
tion, and 4) interaction of convection, conduction, and radia-
tion. They considered both continuum and line radiation,
assumed the Planck function to be a linear function of tem-
perature, and used the exponential approximation. Their re-
sults indicate that line radiation is important only for opti-
cally thin plasmas.

The motivation for the present study is to develop an under-
standing of the coupling of nongray-nonisothermal radiation.
As a means of gaining this understanding, the radiative flux
from an nonisothermal shock layer has been considered; how-
ever, the analysis is not restricted to this physical situation.
The radiating plasma consists of an atomic gas. The effects
of various gases can be deduced by changing the ionization
potential, that is, by changing the ionization edges to match
the particular atomic gas of interest in contrast to previous
work which usually considered specific gases.

In this study, the following is assumed: 1) local thermo-
dynamic and chemical equilibrium, 2) one-dimensional,
radiative energy transport, 3) radiation emitted from the
body is negligible, and 4) precursor effects are negligible.
Line radiation (bound-bound) and the influence of stimulated
emission are not considered.

The actual temperature profile in the shock layer is deter-
mined from the coupled conservation equations. Because
the object of this study is to investigate nongray-noniso-
thermal radiation, the fluid dynamics and radiation are un-
coupled by assuming a linear temperature profile in the shock
layer

T/Tr = 0(x) = Bo + (1 - 00)x (1)

This temperature distribution represents the actual tem-
perature profile more accurately than the isothermal approxi-
mation which has been used in many other investigations.
The shock wave is located at x = 1 and the body at x = 0.
The reference temperature, Tr, is given by the Rankine-
Hugoniot equations, and 60 is the nondimensional tempera-
ture at x = 0 which is determined by the vehicle's ablating
properties. Figure 1 describes the geometry.

The radiation model has been simplified by assuming a hy-
drogenic gas and considering only continuum (bound-free)
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Fig. 1 Physical model.
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radiative processes. The model can be made to represent
various atomic gases by changing the ionization edge location
and by changing the spectral form of the absorption coeffi-
cient.

II. Governing Equations and Solutions

The local radiative flux can be written as13

F(x) = 2 JQ °° Jo
T°" eU0sgn(T, - t)E2(\rv - t\)dtdv (2)

where the spectral optical depth and optical thickness are de-
fined as

and

= CL Kv(x')dx'

(3a)

(3b)

The continuum absorption coefficient for a M + 1 level
hydrogenic gas is given by14

M
/ \ _ V~^ /? / \ ( \ (\ *s <s* (d-\

(5)

where the frequency variation of the ith excited state is

oa(v) = 0 v < Vi

OLi(v) = (Vi/V}n V > Vi

The ground state corresponds to i = 0, while the first excited
state corresponds to i = 1. The classical spectral shape of
OL(V) corresponds ton = 3; however, many atomic gases have
absorption coefficients with spectral variations corresponding
to n different than three.15 •16 These differences are accounted
for in this study by allowing n to take on different values. Be-
cause the ith excited state does not influence the absorption
coefficient for frequencies less than Vi, the absorption co-
efficient for the spectral region, Vi < v < Vi-i, can be written
as

M
£
k=i

(6)

where v-i is defined as infinity.
Often the ith excited state influences the absorption coef-

ficient only in the spectral interval Vi < v < j>;_i, i.e.,
M

Mathematically, this approximation can be represented by

Employing this approximation, the radiative flux becomes
M

F = E Fi (8)

where Fi is the flux from the ith excited state

Ft = 2 J '̂1 Jo
T°" eUOsgnCr, - t)E*(\T, - t\)dtdv (9)

Because the absorption coefficient is a separable function of
position and frequency, the radiative flux becomes

E* [otiMlb - t\]dtdv (10)
where the optical depth and thickness of the ith excited state
are

fc - f* PtWdx' (lla)

and

When

/
co /•T-

2 i ^
Jo *

Ti =

[ai(v)\£i - t\]dtdv

(12)

The radiative flux becomes

X

(13)

Thus with the approximations, Eqs. (7) and (12), the con-
tinuum radiative flux from an excited state is equivalent to
the continuum radiative flux from the ground state. Evalu-
ating Eq. (13) for appropriate values of Vi and n and super-
imposing the solutions via Eq. (8) allows one to calculate the
radiation from several bound-free transitions. The validity
of the approximations, Eqs. (7) and (12), depends on n, J?»,
and j8,-,J which are properties of the radiating atoms. In
general, as n, z>;_i — Vi, and jSi_iat_i(^»_i)/[j8»at-(^»_i)] are in-
creased, the accuracy of Eq. (13) increases.

B'y employing the nondimensional frequency (v = hv/
kTr) the dimensionless radiative fluxes leaving the shock
layer can be written as

= ..4'^ ' == ____ I I l ^ •
<rTr

4 7T4 Jvi Jo exp (14a)

^ -•»
M i - — IO°

6 _ 8 10 12 14
V

Fig. 2 Optically thin solution for n = 3.

t In this paper, 0i(x) is taken to be constant. In general, it is
a function of the composition of the plasma.
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and

F.(T.) = *AT'-) = 30 f r o CT* v'aiWti^aiWnaMv (ub)

oTr
4 7T4J^ Jo exp[P/0(T< - *)] ~ 1

1. Optically Thin Solution

When the optical thickness becomes small (rt- -> 0), the
radiative flux becomes

o exp[p/e(x)] - 1 (15)

The spacial integral is evaluated first by changing variables
[y = Q(x) and dy = (1 — 00)dx] and then breaking the inte-
gral into two parts. Thus, when 60 < 1, the optically thin
flux becomes

(o) = ~3°r' 4 r w *'«<(*) r E(1 — 00J7T4 J?f Lm = l

(1 ~

For the special case of n = 3, the flux can be written as

(16)

2^3 E (i7)
The optically thin solution for n = 3 is presented graphi-

cally in Fig. 2. Numerical results have shown that the second
term in Eq. (17) can be neglected when 60 < 0.5 or that (1 —
00)Fi(G)/Ti is independent of 60 for 00 < 0.5.

2. Optically Thick Solution

When the optical thickness becomes large (rt- -> °o)? the
radiative fluxes leaving the layer are given by

(18a)

(18b)
where D(P») is the Debye function

15 r* x3

o exp(^) — 1 dx (19)

In this limit, the plasma acts like an opaque solid with surface
emittance: ev = 0 for 0 < v < Vi and ev — 1 for v > P».

3. Gray solution

The gray situation corresponds to v0 = 0 and n = 0. In
this case, the integration over frequency can be evaluated
analytically, and the flux is given by

= -2 (20)

By substituting the linear temperature distribution and in-
tegrating, one obtains

F0(0) -I*- —
TO

To

24Jg4,
r 4 'TO

- (653 - 3£4)/r0
2 - -V^Vro3 [ (21)

where B.= 1 — 60. In the optically thin limit (TO ->• 0), this

expression becomes
Fo(0) = -2r0[l - 2B

4. Isothermal Solution

(22)

When the layer is isothermal (60 = 1), the spacial integra-
tion can be carried out analytically. Thus, the flux leaving
the isothermal layer is

n <* - AI«'W

If n = 0, Eq. (23) can be integrated analytically to give

F-(0) = -[l _ 2#,(T<)][1 - DW] (24)
In the optically thick limit TO -*> oo, the flux becomes inde-
pendent of n. It depends only on the cutoff frequency Vi

Fi(0) = -[1 - Z>(7<)] (25)
The flux becomes sensitive to the form of the absorption co-

efficient in the thin limit (n -> 0)

.(0) - =? W C
7T4 Jvi

oo Jj6~n

exp(P) — 1

When n = 0, the expression becomes

When n = 3, the optically thin flux is
_ on

i - exp(-P<)]Ti

(26)

(27)

(28)

The general expression for the radiative flux from an optically
thin plasma is

I

(3 - ri)(2 - n)Vjl
[ - n)(2 -

A;4

5. Numerical Solution

The radiative flux as given by Eq. (14) is evaluated by
double numerical integration. The frequency integration is
performed using Simpson's rule with a fixed step of Az> = 0.1
and is terminated at v = 20 for Vi < 7 and at v = 2.5vi for
Vi > 7. The spacial integration also uses Simpson's rule, but
the step size increases with optical depth. The accuracy of
the numerical integration is checked by changing the step
sizes and comparing the results with the limiting solutions.

III. Results

The influence of the shape of the absorption coefficient (n)
and the effect of different ionization edges (p») on the radiative
flux to the body for several linear temperature profiles (do)
can be examined first. After various solutions have been
investigated, an application of the results can be considered.

1. Influence of n

Figure 3 shows the normalized flux F»(0) as a function of
optical thickness for several values of 0o- The absorption co-
efficient parameters are pt- = 2 and n = 3. Figure 4 shows
the radiative flux for several values of n, for 60 = 1.0 and 0.5,
and Vi = 2.

a. Isothermal

As the optical thickness at the ionization edge (n) increases
from zero for the isothermal cases (60 = 1) shown in Figs. 3
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Fig. 3 Comparison of
Fi (0) as a function of

Ti for n = 3.

and 4, Ft-(0) increases because emission is more important than
absorption. As Ti continues to increase, absorption begins
to become important. As T» becomes very large, the flux ap-
proaches its optically thick limit and does not increase for
further increases of n.

The influence of n is shown in Fig. 4 for the isothermal case.
As one would expect, the value of Ti at which the flux reaches
its thick limit is dependent upon the value of n. For n = 0
the optically thick limit is reached at Ti ~ 3; whereas, for
n = 3, it occurs at about Ti ~ 100. This occurs because at
values of v greater than the ionization edge, the optical thick-
ness of the n = 3 case is much less than the n = 0 case, and
in turn radiation that is emitted much deeper in the plasma can
reach the boundary.

6. Nonisotherrnal

The influence of the temperature profile is quite strong as
can be seen from Figs. 3 and 4. For the nonisothermal cases
(Bo T* 1), as Ti increases from zero, the flux increases because
emission is more important than absorption. As n increases
further, absorption becomes important and the flux reaches a
maximum and then decreases toward its optically thick limit.
For large r,-, the flux emitted in the high temperature region is
strongly attenuated and only that portion emitted in the cool
region near the boundary reaches the surface. In the opti-
cally thick limit, the radiation which reaches the body behaves
as if it were emitted from an opaque plasma at the surface
temperature. The absorption coefficient at each frequency
beyond Vi increases as n decreases; therefore, the value of n
at which the maximum flux and the optically thick limit occur
decreases.

2. Influence of Vi

Figures 5, 6, and 7 show the flux as a function of the ioniza-
tion edge cutoff for several values of optical thickness for the
n = 3 absorption coefficient. Figure 5 gives results for the
isothermal case, Fig. 6 for the case 60 = 0.5, and Fig. 7 for the
case do = 0.

a. Isothermal

Inspection of Eq. (24) reveals that the radiative flux de-
creases as Vi increases for n = 0; however, inspection of Fig. 5
for n = 3 reveals that the flux first increases and then de-

Fig. 4 Comparison of
Fi (0) as a function of Ti
for four values of n and

two temperature
profiles.

Fig. 5 Isothermal case; Fi (0) as a function of vi for
various values of T{ with n = 3.

creases as Vi increases. This behavior can be explained by
examining the spectral variation of a.i(v). The slope of
oii(v) at Vi is —n/Vi. As Vi approaches zero, the slope ap-
proaches — oo for n greater than zero; consequently, the en-
tire flux contribution occurs near v^ As Vi becomes large, the
slope approaches zero and cti(v) behaves like the n = 0 case.

Radiation can be transmitted only very near the ionization
edge for small Ft; consequently, the flux is very small. The
flux increases as Vi increases not only because the spectral re-
gion in which the radiation can be transmitted increases but
also because the Planck function in the region near Vi in-
creases. The flux reaches a maximum and begins to de-
crease as Vi increases beyond about three because the radiation
is limited to that in the tail of the Planck function.

The value of Vi, at which the flux reaches its optically thick
limit, is a function of optical thickness. For an optical thick-
ness less than unity, the flux never becomes optically thick for
cutoff values of interest. As the optical thickness increases
from unity, the optically thick limit is reached at successively
smaller values of the ionization edge frequency.

b. Nonisotherrnal

For nonisothermal plasmas, the distribution of flux with Vi
at constant values of n becomes much more complicated.
For small optical thickness, the flux behaves like the iso-
thermal case; however, as Ti increases beyond unity for
values of Vi beyond the flux maximum, the flux begins to de-
crease toward the optically thick limit. The reasons for this
behavior are that as Ti increases, the radiation reaching the
boundary is reduced because it is 1) emitted in progressively
cooler regions of the plasma, thereby decreasing the value of
the source function, 2) influenced by self-absorption, and 3)
progressively picks up less and less energy from the source

Fig. 6 Nonisothermal case; Fi (0) as a function of v% for
various values of n with n = 3.
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Fig. 7 Nonisothermal case; F» (0) as a function of vi for
various values of rt- with n = 3.

function as the cutoff frequency increases. Thus, the com-
bined effect of self-absorption and nonconstant temperatures
profiles causes the optically thick limit to be approached from
above; whereas, in the isothermal case only the self-absorp-
tion effect exists, and the optically thick limit is approached
from below. Figure 7 shows the B0 = 0 case. This case shows
the same general trends as that of Fig. 6; however, the
numerical values are different especially for large n. In the
thick limit, the plasma near the boundary will appear to be an
opaque gas at zero temperature.

3. Precursor Flux

__ The radiative flux that is lost in front of the shock wave,
Fi(ri), is shown in Fig. 8 for Vi = 2 as a function of n for
several temperature profiles. This case behaves much like
the isothermal cases analyzed previously. The flux increases
as r» increases until self-absorption becomes important and
then it approaches its optically thick limit which depends
only on the position of the ionization edge. In the optically
thick limit, the only radiation that can be lost is that which is
emitted very near the shock wave. This radiation is essen-
tially emitted from an isothermal plasma at the reference
temperature. All the radiation from the lower temperature
layers deeper in the shock layer is trapped and does not reach
the shock.

From former considerations, one realizes that decreasing n
from three will cause the flux to become optically thick at
smaller values of n and that increasing the ionization edge will
in general lower the value of the flux at a given r» and cause
the radiative flux to become optically thick at smaller values
of n.

4. Application of Results

The previous results were calculated on the basis of a one-
level atom. The radiative flux from a two-level hydrogen gas
will be calculated in this section by super-position to illustrate
how the one-level results can be applied to more complex
atoms. Table 1 gives values of the first two ionization edges
and their relative optical thicknesses. The quantity r\v\z/

Table 1 Position of ionization edges and relative optical
thickness for atomic hydrogen

Temperature, °K

10,000 15,000 20,000 25,000

15.78 10.52 7.89 6.31
3.94 2.63 1.97 1.58
0.581(10)-* 0.300(10)~2 0.216(10)-! 0.704(10)-!

).91(10)-5 0.47(10)~4 0.34(10)~3

V---2

Fig. 8 Precursor flux;
F (r;) vs Ti for several
values of 00 with n = 3.

(ToJ>o3) in Table 1 is the ratio of the first excited state absorp-
tion coefficient to the ground state absorption coefficient
evaluated at v0. Because the absorption coefficient ratio is
small and v0 — vi is relatively large, the use of superposition
technique appears to be justifiable. Inspection of Table 1
reveals that the accuracy of superposition increases as the
temperature decreases.

Figure 9 shows the results obtained by the method of super-
position, considering the ground and first excited state of
atomic hydrogen at 15,000° and 25,000°K for ft, = 0.5 as a
function of the excited state optical thickness (TI) .

210-2

- LYMAN + BALMER CONTINUUM
-LYMAN CONTINUUM
-BALMER CONTINUUM

— 15,000 K

Id4 10'
T,

Fig. 9 Flux from the superposition of the Lyman and
Balmer continuum for an atomic hydrogen shock layer as a

function of T;, n = 3.

The ground state flux is larger than the excited state flux in
the optically thin limit; however, the excited state flux is not
negligible. As the optical thickness increases, the ground
state flux reaches its maximum. It then falls off rapidly be-
cause of the influence of the temperature profile and self-ab-
sorption and becomes negligible with respect to the excited
state flux. As the optical thickness continues to increase, the
excited state flux reaches its maximum and begins to fall off
due to the same effects.

Fig. 10 Topographical map of F» (0) for isothermal shock
layers with n = 3.
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Fig. 11 Topographical map of Fi (0) for nonisothermal
shock layers with n = 3.

IV. Summary and Conclusions

In this study of the continuum radiative flux from noniso-
thermal stagnation shock layers composed of atomic gases,
linear temperature profiles are assumed to exist in the shock
layer. This assumption uncouples the radiative transport
from fluid mechanics. The Rankine-Hugoniot equations are
used to give the temperature just behind the shock wave.

The importance of the ionization edge location and the ef-
fect of the spectral shape of the absorption coefficient on the
radiation flux are demonstrated through the development of
several limiting cases. The method of superposition is used
to extend the results to multiple electronic level atomic gases,

The study shows that the location of the ionization edge
greatly influences the flux for a given temperature profile and
spectral absorption coefficient shape. The spectral shape of
the absorption coefficient also influences the flux. These con-
clusions would also hold for the isothermal case. However, in
nonisothermal plasmas, the combined effect of the self-ab-
sorption and the temperature profile cause the optically thick
limit to be approached from above rather than from below as
it does in the isothermal case.

To summarize the results, topographical maps of radiative
flux to the body have been drawn as functions of rz- and Vi.
Figure 10 shows the topographical map for the isothermal
case. Figure 11 shows the map for 60 = 0.5 and Fig. 12 for
00 = 0. The flux as a function of optical thickness appears
on these figures as a line of constant *?»; whereas, the flux as a

Fig. 12 Topographical map of Ft- (0) for nonisothermal
shock layers with n = 3.

function of ionization edge location is given by a line of con-
stant Ti. In the optically thick limit, lines of constant flux
become straight lines at a constant value of vit For the
isothermal case, the flux first increases due to emission and
then decreases due to self-absorption when one increases Vi
at a constant value of the optical thickness. When one in-
creases Ti at constant *>*, the flux increases toward its optically
thick limit. In the nonisothermal plasma, one crosses peaks
in the flux as one moves at constant T,- and also as one moves
at constant z>t-; consequently, the flux in the optically thick
limit is less than the maximum flux. This is due to the cou-
pling of nonconstant temperature profiles and self-absorption.
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